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We study the effects of anisotropic pressure on properties of the neutron stars with
hyperons inside its core within the framework of extended relativistic mean field. It is
found that the main effects of anisotropic pressure on neutron star matter is to increase
the stiffness of the equation of state, which compensates for the softening of the EOS
due to the hyperons. The maximum mass and redshift predictions of anisotropic neutron
star with hyperonic core are quite compatible with the result of recent observational
constraints if we use the parameter of anisotropic pressure model h ≤ 0.81 and Λ ≤
−1.15.2 The radius of the corresponding neutron star at M=1.4 M⊙ is more than
13 km, while the effect of anisotropic pressure on the minimum mass of neutron star
is insignificant. Furthermore, due to the anisotropic pressure in the neutron star, the
maximum mass limit of higher than 2.1 M⊙ cannot rule out the presence of hyperons
in the neutron star core.
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1. Introduction
The most accurate measurement in identifying the masses of neutron star (NS) is
the number of pulsars in the bound binary systems (neutron-neutron and neutron-
white dwarf systems). Based on a recent analysis on mass distribution of the number
of pulsars with secure mass measurement, MG ∼ 2.1 M⊙ can be considered as an
established value of lower bound on maximum mass (Mmax) for NS .
3 Therefore,
the existence of more massive NSs is, in principle, possible. The NS maximum
mass establishment comes from the result of two accurate NS mass measurements.
The mass 1.97 ± 0.04 M⊙ of pulsar J1614-2230 is measured from the Shapiro
delay4 and the mass 2.01 ± 0.04 M⊙5 of pulsar J0348+0432 is measured from
the gravitational redshift optical lines of its white dwarf companion. In addition,
there are evidences that some black widow pulsars might have higher masses. For
example, pulsar B1957+20 reportedly has a mass of MG = 2.4 ± 0.12 M⊙,6 and
even gamma-ray black widow pulsar J1311-34307 has higher mass than B1957+20
but with less accuracy. This NS maximum mass limit poses a tight constraint on
1
September 22, 2018 3:30 WSPC/INSTRUCTION FILE AnisoHNSV8b
2 A. Sulaksono
the equation of state (EOS) of dense matter in the NS core. However, we point out
that over the time, with new planned observatories and technology advancement in
astrometry, it is not impossible to have accurately measured pulsar mass of higher
than 2.1 M⊙ in the future.
8, 10, 11 For the latest review on neutron star masses and
their implications we refer the reader to Refs. 8-11. It is also worthy to note that
actually accurate measurements of the NS radii would also strongly constrain the
properties of the matter in NS core. Unfortunately, the analysis methods used to
extract NS radii from observational data still have high uncertainty and mostly
they come from systematics.8 Furthermore, the limits of recent observational radii
from different sources or even from the same source are often in contradictory one
to another.12–19
The observational constraint on the lower bound of the maximum NS mass of
2.1 M⊙ can be readily fulfilled by most models if NS core contains only nucleons
and leptons. For examples IUFSU parameter set20 yieldsMmax= 1.94M⊙ and BSP
parameter set21 yields Mmax= 2.02 M⊙. On the other hand, the presence of only
nucleons and leptons in NS core is physically not too realistic. In general the nuclear
models that are compatible with the experimental data on hyper-nuclei predict the
existence of hyperons in matter at the density of exceeding 2-3 times nuclear satura-
tion density ( ρ0 = 0.16fm
−3) .22 Furthermore, the presence of exotic particles such
as hyperons in NS core has important impact on NS cooling.23 The hyperonization
of matters tends to soften the EOS of NS core as the energetic nucleons are replaced
by slow moving hyperons. Consequently, the predicted maximum mass of NS with
hyperons in its core is always smaller than that of NS without hyperons.23, 24 We
note that the Brueckner-Hartree-Fock (BHF) model25, 26 yields Mmax ∼ 1.3-1.4 M⊙
if hyperons are included in the EOS of NS core. It is reported by the authors of Ref.
27 that 3-body force also cannot help much to increase the predicted NS maximum
mass, but it is shown recently by the authors of Ref. 28 that 3-body forces can
increase the maximum mass significantly. In relativistic mean field (RMF) models,
the situation is quite similar, Mmax ∼ 2.1 M⊙ can be reached only by adjusting
the model parameters in the hyperon sector or modifying nonlinear in the strange
sector or introducing hypothetical weakly interacting light boson (WILB).29–33 The
puzzle that whether or not the hyperons are present in the NS core has triggered
the theoreticians to revisit the NS models (see Refs. 34-40 for details). The an-
ticipation of accurate measurement of NS with the mass of greater than 2.1 M⊙
possible in the future, the parameters and model adjustments in the framework of
RMF models with acceptable nuclear EOS at low and moderate densities may no
longer be the best way to handle maximum mass.
Usually one assumes that the pressure in the NS is isotropic. But, there are
arguments (see Ref. 41 and the references therein) that the matter pressure of NS
may be slightly different among different directions (anisotropic). This effect can
be caused by many interrelated factors such as the presence of strong magnetic
and electric fields, boson condensations, different kinds of phase transition, the ex-
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istence of solid core or super fluidity, etc. This is also supported by Herrera and
Santos stating that formally, the mixture of two fluids is mathematically equiva-
lent to an anisotropic fluid (see Ref. 41 and the references therein). Furthermore,
it has been shown that at high density the nuclear matter pressure can also be
anisotropic (see for example Refs. 42-43). Since the pioneer work of Bowers and
Liang,44 there have been many works devoted to studies of anisotropic spherical
symmetric configurations. Recent studies on the properties of anisotropic star can
be found for examples in Refs.1-2 while studies for other anisotropic configurations
can be found in Refs. 45,47-49. These studies reveal that anisotropy may have effects
on maximum equilibrium mass and gravitational redshift.
In this work, we argue that “hyperonization puzzle” can be solved by consid-
ering that the pressure in NS matter may be anisotropic. We study the NS mass,
radius and the gravitational redshift of anisotropic NS within the framework of the
extended version of relativistic mean field (ERMF) model.21, 50, 51
The paper is organized as follows. Sec. 2, describes the brief outline of NS EOS.
Sec. 3, discussion on anisotropic pressure configuration. Section 4 is devoted to
discussion of the results. Finally Sec. 5 is conclusion.
2. Equation of State
In general, NS has three parts with different compositions and density ranges i.e.,
outer crust, inner crust and the core. In this work, the crust EOS by Miyatsu et al.39
is taken to describe NS crusts. The core is assumed to be composed of baryons and
leptons and the corresponding EOS is calculated by using the ERMF model.
The ERMF model includes contribution from the standard RMF nonlinear self-
interaction for σ and ω mesons as well as additional cross interaction terms for σ, ω
and ρ mesons. The detail of this model and the EOS derivation based on this model
are well documented.50, 51 In the ERMF model, baryons interact through exchanges
of σ, ω, ρ and φ mesons, while the baryons involved are nucleons (N=p and n) and
hyperons (H=Λ, Σ and Ξ). Thus the total Lagrangian density, including leptons
(l=e and µ) for calculating the EOS of NS core can be written as 30
L = LfreeB + LfreeM + LlinBM + Lnonlin + Lfreel , (1)
where the free baryons Lagrangian density is,
LfreeB =
∑
B=N,Λ,Σ,Ξ
ΨB[iγ
µ∂µ −MB]ΨB, (2)
Here, ΨB is baryons field and the sum is taken from N , Λ, Σ, and Ξ baryons. The
Lagrangian density for the free mesons involved is,
LfreeM =
1
2
(∂µσ∂
µσ −m2σσ2) +
1
2
(∂µσ
∗∂µσ∗ −m2σ∗σ∗2)
− 1
4
ωµνω
µν +
1
2
m2ωωµω
µ − 1
4
φµνφ
µν +
1
2
m2φφµφ
µ
− 1
4
ρµνρ
µν +
1
2
m2ρρµρ
µ. (3)
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The ωµν , φµν and ρµν are field tensors corresponding to the ω, φ and ρ mesons
field, and can be defined as ωµν = ∂µων − ∂νωµ, φµν = ∂µφν − ∂νφµ and ρµν =
∂µρν −∂νρµ. The Lagrangian LlinBM describing interactions among baryons through
mesons exchange is,
LlinBM =
∑
B=N,Λ,Σ,Ξ
ΨB[gσBσ + gσ∗Bσ
∗ − γµgωBωµ
− 1
2
γµgρBτB · ρµ − γµgφBφµ]ΨB, (4)
where τB is the baryons isospin matrices. The Lagrangian describing mesons self
interactions for σ, ω, and ρ mesons can be written as,
Lnonlin = −κ3gσNm
2
σ
6mN
σ3 − κ4g
2
σNm
2
σ
24m2N
σ4 +
ζ0g
2
ωN
24
(ωµω
µ)
2
+
η1gσNm
2
ω
2mN
σωµω
µ +
η2g
2
σNm
2
ω
4m2N
σ2ωµω
µ
+
ηρgσNm
2
ρ
2mB
σρµ · ρµ +
η1ρg
2
σNm
2
ρ
4m2N
σ2ρµ · ρµ
+
η2ρg
2
ωNm
2
ρ
4m2N
ωµω
µρµ · ρµ. (5)
While the free leptons Lagrangian density is,
Lfreel =
∑
l=e−,µ−
Ψl[iγ
µ∂µ −Ml]Ψl. (6)
here Ψl is the leptons (electron and muon) field. The nucleons coupling constant and
nonlinear parameters (BSP parameter set) are taken from Ref. 21. To determine the
vector part of hyperons coupling constant gωH and gφH , we consider conventional
prescription based on SU(6) symmetry24 i.e.,
1
3
gωN =
1
2
gωΛ =
1
2
gωΣ = gωΞ,
gρN =
1
2
gρΣ = gρΞ, gρΛ = 0,
2gφΛ = 2gφΣ = gφΞ =
2
√
2
3
gωN , gφN = 0. (7)
For the given values of gωH , the scalar hyperons coupling strengths gσH are
usually obtained from the potential depth of hyperons in the symmetric nuclear
matter evaluated at the saturation density ρ0 as,
U
(N)
H (ρ0) = −gσHσ(ρ0) + gωHω(ρ0), (8)
where the values of experimentally potential depth U
(N)
H at ρ0 are
24
U
(N)
Λ = −28 MeV, U (N)Σ = +30 MeV
and U
(N)
Ξ = −18 MeV. (9)
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The constituents composition in NS core is determined using standard condi-
tions i.e., chemical potential balance, charge neutrality and baryon density conser-
vation. The total energy density (ǫ) of NS core matter can be determined from the
zero component of energy-momentum tensor (T 00) that is obtained from Eq. (1).
The radial pressure p can be obtained from the thermodynamic relation as
p = ρ2
d(ǫ/ρ)
dρ
, (10)
where ρ is baryon density.
3. Anisotropic Pressure in Spherical Symmetric Neutron Star
As it is mentioned in introduction, the possible sources of local pressure anisotropy
in spherically symmetric gravitating bodies that consisting not only low but also
high densities matters are well known since long times ago.44 Note that local pres-
sure anisotropy here means that the radial pressure p differs from the tangential
pressure q. Many works after that up to now have been devoted to study this effect
and to investigate the microscopic origin for each particular mechanism to generate
pressure anisotropy in spherically symmetric gravitating bodies founded in the lit-
erature. Furthermore, reviews about many of the possible causes for the appearance
of this effect and their main consequences are also already exist.41, 52 However, it
will be quite informative for the reader if the microscopic basis of anisotropy of
the fluid pressure in spherically symmetric NS that produced from variety physical
processes is briefly discussed.
(1) Electric field
In general, if matter is composed of several kind of particles with different
masses and opposite electric charges like happens in compact stars, the pres-
ence of sharp discontinuity between surface of the star and vacuum should lead
to a charge separation and generation of an electric field.53 From conservative
point of view, because the star is macroscopic object, the global charge neu-
trality must be fulfilled. Thus the positive charge from the baryons or quarks
in a compact star should be balanced by negative charge of electrons. How-
ever, since electrons are light and only electromagnetically interacting, they
will penetrate through the boundary and generate a local charge unbalanced
around the star surface. The conditions leading to the generation of electric
field at star boundary have been studied by the authors of Ref. 53. It is also
reported that strange stars may be expected to carry huge electric fields on
their surfaces54–56 thus it is quite wonder, if the electric field do not appear in
NS surface. While it is known electrostatic interactions indeed are important
for the description of neutron star crusts where atomic nuclei are embedded in
dense electron gas.57, 58 We need also to note that there is also a unconventional
neutron star model proposed by using less stringent condition i.e., they used
a local charge neutrality condition instead the global one so that the electric
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field has been already explicitly taken into account in the corresponding model
since the beginning.59–61 Furthermore, it is also claimed in Refs. 62-64 that for
compact stars where the density is high and the relativistic effect is crucial, in
principle, in the allowed net charge of a compact star; the star can take some
more charge to be in equilibrium. We need also to note that in NS matter, De-
bye screening may be generated. It will ensure that electric fields are confined
in microscopic length scale of 10-1000 fm. If we assume that the electric field is
nonzero then the matter stress-energy tensor in the right hand side of Einstein
equation with certain energy density and pressure will add with the terms from
electromagnetic field, where for the case static and spherical symmetric stars,
only the components of the Maxwell field F 01 and F 10 are survived. In this
specific case the total radial and tangential pressures of the stars are not the
same anymore i.e., 62–64
q = p+
1
4π
Q2
r4
, (11)
where the total charge Q that produce electric field can be obtained from fol-
lowing relation
dQ
dr
= 4πρc[1− 2GM
r
+
GQ2
r2
]
−1/2
r2. (12)
Here ρc is charge density while M is total mass of the star. However, the actual
form of ρc profile in each compact star case is indeed not certainly known. People
usually use the parametrized form of ρc. For example, in the case electric field
effect on strange star studied in Ref. 65, the authors used
ρc ≡ K
4πr2
[δ(r −R+)− δ(r −R−)], (13)
to describe the charge distribution in that star. Here K is a parameter which
identified the strength of the charge. However, in general the effect of elec-
tric field on standard picture of spherically symmetric NS properties are not
too significant. For example, it is shown by the authors of Ref. 53 that under
Newtonian gravitation approach, that the electrostatic and gravitational con-
tributions become equal at minimum particle density Nmin ≈ 6.26 1036. This
value corresponds to the massMmin about 10
13 gr, i.e. almost 20 order of mag-
nitude smaller than the maximum mass of NS. ( see the detail in Ref.53 and
references therein). Note that the maximum allowed charge at the surface of NS
with M ≈M⊙ and radius R around 10 km, is Q . 1020 C.63 With this charge
value, we can estimate that the expected observed neutron star anisotropy due
to electric field is q − p = 14π Q
2
R4 . 5 10
−4 MeVfm−3. It is much less compared
to the center pressure of this corresponding NS, i.e., pc ∼ 20 MeVfm−3.
(2) Magnetic field
It is known from observations that pulsars have the typical surface magnetic
field strength around 1012-1013 G66 while the magnetars have surface magnetic
September 22, 2018 3:30 WSPC/INSTRUCTION FILE AnisoHNSV8b
Anisotropic pressure and hyperons in neutron stars 7
field strength in the range of 1014-1015 G.67, 68 As also discussed in Ref. 67,
the central magnetic field strength of the magnetars might be as high as 1018-
1019 G. However, the origin of strong magnetic fields in compact stars is still
not too clearly known up to now. The accepted large magnetic field generation
mechanism in magnetars is based on amplification of a seed magnetic field
owing to the rapidly rotating plasma of a protoneutron star. Nevertheless, this
mechanism can not substantiate all of the features of the supernova remnants
surrounding these objects (see Ref. 69 and references therein). Whatever the
way to generate magnetic field in spherically symmetric compact stars, the
presence of large magnetic field leads to the generation of pressure anisotropy,
where if we neglected the small contribution from matter magnetization and
assuming that the magnetic field in the radial direction, the total tangential
pressure can be written as (see for example Ref. 70)
q = p+
B2
4π
, (14)
where B is the magnetic field in the corresponding star. Usually the magnetic
profile of spherically symmetric NS is assumed to be density dependent and is
parametrized as (see Ref. 70 and references therein)
B(ρ) ≡ Bs + B0[1− e−α(
ρ
ρ0
)γ ], (15)
where α, γ are parameters, ρ0 is saturation density, Bs and B0 are surface
and center magnetic fields of the star. However, we need to note, in previous
studied that it is shown that the contribution of magnetic field in EOS of
neutron star matter through magnetization is not too significant (see Ref. 70
and references therein). If we take B . B0 ≈ 1018 G, the expected observed
neutron star anisotropy due to magnetic field can be estimated as q−p = B24π .
2 102 MeVfm−3. We need to note that the strong magnetic field can affect also
the surface electric field of strange stars.71 The presence of magnetic field in
matter might be also lead to the polarization of matter. It was shown72 that
the spin polarization induces a deformation of the Fermi spheres of nucleons
with spins parallel and opposite to the polarization axes. This feature can be
related to the structure of the one-pion exchange contribution to a realistic
nucleon-nucleon interaction. The deformation is identified by angle dependent
of Fermi momentum. This deformation will generate also additional pressure
anisotropy ( see detail discussion in Ref. 73).
(3) Beyond one fluid description
In conventional view, it is assumed that NS matter is an ideal one fluid com-
posed by several kind of particles with different masses and opposite electric
charges. However, if we consider NS matter as many fluids then the pressure
anisotropy may appear in non trivial way. As an illustration, let see the sim-
plest case. If we assume that the NS matter composed by 2 ideal fluids with
different four velocity (uµ and wµ), fluid 1 composed by neutral particles and
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fluid 2 composed by charged particles.41, 47, 75 The total stress-energy tensor for
this system becomes
Tµν = (ǫ1 + p1)uµuν + p1gµν
= (ǫ2 + p2)wµwν + p2gµν . (16)
Note, here we used metric sign (-,+,+,+) instead (+,-,-,-) which is used in
Refs. 41,47,75. Therefore, the sign in some terms here is different to that pre-
sented in Refs. 41,47,74-75. Eq.(16) can be significantly simplified by casting
it into standard form of anisotropic fluids. It can be done by using following
transformation41, 47, 74, 75
uµ∗ = uµcosα+
[
ǫ2 + p2
ǫ1 + p1
]1/2
wµsinα
wµ∗ = wµcosα−
[
ǫ1 + p1
ǫ2 + p2
]1/2
uµsinα, (17)
where this transformation satisfies T µν(u,w)= T µν(u∗, w∗). Explicitly it can
be done by choosing uµ∗ and wµ∗ such that one is time-like and the other is
space like so that uµ∗wµ∗=0, we can obtain the rotation angle in Eq. (17) as
tan2α = 2
(ǫ2 + p2)(ǫ1 + p1)
1/2
(ǫ2 + p2)− (ǫ1 + p1)u
µwµ. (18)
Followed by defining the quantities
vµ =
uµ∗
(−uν∗uν∗)1/2
κµ =
wµ∗
(wν∗wν∗)
1/2
ǫ = T µνvµvν Ψ = T
µνκµκν
Π = p1 + p2, (19)
respectively, then the T µν of two perfect fluids in Eq.(16) can be written as
T µν of one fluid with anisotropy pressure as 41, 47, 74, 75
Tµν = ǫvµvν +Ψκµκν +Π[gµν + uµuν − kµkν ]. (20)
Note, To calculate this effect explicitly, beside the EOS of the matter, we need
to know the magnitude of the scalar product of four velocity uµ and wµ. In
principle, both velocities should be determined from other physics information
where in some cases, it is unknown. For example, in Ref. 75 in the case of
bosonic dark matter model, due to lack of such information, the authors used
uµw
µ as a parameter and studied the effect of the magnitude of this variable
to the properties of bosonic dark matter. For providing rough estimation of
the anisotropy effect from this mechanism, we may assume that only neutrons
and protons in dominate the contribution in energy density ǫ and pressure Π of
NS. Now we denote the ǫ1 and pressure p1 as the energy density and pressure
for proton fluid and ǫ2 and pressure p2 as the energy density and pressure for
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neutron fluid and uµwµ ≈ 1 + b2 , where the b a number to identify the four-
velocity difference between two fluids. By using Eqs. (6-7) in Ref. 75, it can be
obtained that
Ψ− Π ≈ b
2
(ǫ1 + p1)(ǫ1 + p1)
(ǫ+Π)
, (21)
if we approximate that (ǫ1+ p1) ≈ Yp(ǫ+Π) and (ǫ2+ p2) ≈ (ǫ+Π), where Yp
is proton fraction, then Ψ−Π ≈ Yp b2 (ǫ+Π). It is known that the actual values
of Yp, ǫ and Π depend on the EOS model used. Parameter b also controls the
significance of the effect. If the difference in four-velocity between two fluid is
large the effect becomes larger and if it is small the effect is small. To estimate
the number, lets for example say that the center density and its corresponding
energy density for M ≈ M⊙ i.e., Πc ≈ 20 MeV with ǫc ≈ 200 MeV and Yp ∼
0.1 as well as taking b ∼ 0.02 than it leads to 10 % effect. Thus we may expect
also a quite substantial effect may come from this mechanism.
(4) Other sources of anisotropy
Anisotropy in NS fluid pressure might be also yielded by the existence of a solid
core or by the presence of superfluid and by pion condensation, as well as by
different kind of phase transition (see Ref. 2 and references therein for more
detail). Another source of pressure anisotropy may come also from the matter
viscosity of NS (see Ref. 1 and references therein for more detail).
To this end, we need to emphasize here that the effect of local anisotropy in NS
have been studied.2, 76–78 However, the discussion of NS local anisotropy by using
more realistic and up to date NS matter EOS as well as by connecting this matter
to the context of “hyperonization puzzle” is not yet done before and this becomes
the focus of this work.
To accommodate the anisotropic fluid assumption, we start by taking the stress-
energy tensor as:1, 2
Tµν = ǫuµuν + pkµkν + q[gµν + uµuν − kµkν ]. (22)
Here gµν is the space-time metric, uµ is the fluid 4-velocity, ǫ is the total energy
density, kµ is the unit radial vector where u
µkµ=0. At the center of symmetry,
the anisotropic pressure must vanish since here kµ is no longer defined. Note that
gµν + uµuν − kµkν is the projection tensor onto the 2-surface orthogonal to kµ and
uµ. Here, we use standard metric for spherically symmetric space time i.e.,
ds2 = −e2νdt2 + e2λdr + r2(dθ2 + sin2θ dφ2). (23)
By inserting Eq. (22) into the Einstein field equations
Rµν − 1
2
gµν = 8πGTµν , (24)
and followed by manipulating four equations from non-zero diagonal components
of Eq. (24), we can obtain the Tolman-Oppenheimer-Volkoff (TOV) equations for
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anisotropic star as follows
dp
dr
= −GǫM
r2
(1 +
p
ǫ
)(1 +
4πr3p
M
)(1 − 2GM
r
)
−1
− 2σ
r
, (25)
while the mass and particles number profiles can be determined from
dM
dr
= 4πǫr2
dA
dr
= 4πρr2(1− 2GM
r
)
−1/2
. (26)
Here the anisotropic pressure σ= p-q. It is obvious that if we set p=q (σ=0 ) in
Eq. (25), we obtain the standard TOV equation for isotropic star. It is obvious
that the last term in Eq. (25); σ, represents a kind of force which generated by
anisotropy. This force can be directed outward or inward depending on the sign
of σ. Therefore, we can have more massive configuration if σ is negative and less
massive one if σ is positive. The strength and the distribution of the force depend
on the magnitude of σ and its profile. Based on this mechanism, we can support
larger masses and radii of neutron star even the EOS of matter is relative soft by
adjusting σ. From above order of magnitude estimations, it can be seen also that
electric field effect yields negligible effect on the magnitude of σ. The magnetic field
may provide approximately σ . - 2 102 MeVfm−3. However, such a configuration
of fluid and magnetic field that close to the upper bound of this estimation might
lead to instability, and stable configurations likely have smaller σ. While if we used
2 fluids approach, σ depends on the value and sign of b, a parameter which shows
the difference between the four-velocities of both fluids.
In principle, a realistic σ in Eq. (25) should be determined from the unified mi-
croscopic theory of matter. Unfortunately, as mentioned previously, the appearance
of σ generate by interplay of many possible microscopic basis in such non trivial
way. Then technically it is difficult to derive σ from one unified microscopic theory
where it can capture effectively all source of anisotropy of matter. Furthermore,
mostly the available microscopic models are developed in flat space-time because
quantization process of many particles system in curve space-time is known very
difficult. While the conventional transferred form of the stress-energy tensor to that
for curve space-time, physically may not be too satisfactory (see discussions in Refs.
1-2, and the references therein). The following is a simple example to illustrate the
later. Let us consider a star-like object that composing by scalar mesons. They
interact each other by exchanging vector mesons.79 If we consider both fields as
classical fields, in flat space-time the field of both mesons are spatially homoge-
neous so that the pressure in stress-energy tensor in flat space-time is isotropic and
the stress-energy tensor of the matter can be consider as 1 ideal fluid and as the
consequence, in conventional view in curve space-time, stress-energy tensor of the
system is also 1 ideal fluid and the structure can be obtained by solved the standard
TOV equation for isotropic star.79 However, in fact the spatially homogeneity of
mesons fields in flat space-time does not always retain if it is transferred to curve
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space-time. This can be seen obviously, if we directly calculate the stress-energy
tensor of the matter in curve space-time (see example Ref. 80 for a particular case
i.e., with the mass of vector meson is taken to be zero), we can obtain:
T 00 = −e−2ν [(ωΦ + gV φA)2Φ2 +
1
2
m2VA
2 +
1
2
e−2λ(
dA
dr
)
2
]
− [m2ΦΦ2 + e−2λ(
dΦ
dr
)
2
]
T rr = e
−2ν [(ωΦ + gV φA)
2Φ2 +
1
2
m2V A
2 − 1
2
e−2λ(
dA
dr
)
2
]
− [m2ΦΦ2 − e−2λ(
dΦ
dr
)
2
]
T θθ = T
φ
φ = e
−2ν [(ωΦ + gV φA)
2
Φ2 +
1
2
m2V A
2 +
1
2
e−2λ(
dA
dr
)
2
]
− [m2ΦΦ2 + e−2λ(
dΦ
dr
)
2
], (27)
where the vector and the scalar fields become inhomogeneous and obey following
equations
d2A
dr2
+ [
2
r
− (λ′ + ν′)]dA
dr
− e2λ[m2V
+ 2gV φΦ
2]A− 2gV φωΦΦ2e2λ = 0
d2Φ
dr2
+ [ν′ − λ′ + 2
r
]
dΦ
dr
+ e2λ[e−2ν((ωΦ + gV φA)
2 −m2Φ]Φ = 0. (28)
It is obvious from Eq. (27) that the radial pressure p (T rr ) and the tangential
pressure q (T θθ ) of this system are not the same anymore due to the presence of
nonzero value of dAdr and
dΦ
dr . How large such effect, is only be known by solving
Eqs. (27-28) explicitly. But this is already the outside of the scope of this work.
Second example of this situation can be seen if we consider a star matter that
composed by ideal relativistic free Fermi gas. It is well known, if we quantized in
flat space-time, and transferred its energy-momentum tensor to curve space-time
by conventional manner, then we obtain the pressures of this matter is isotropic.
However, the author of Ref. 81 demonstrated that if we directly solve the Dirac
equation of N free Fermion system in curve space-time, then it is obtained that the
pressures of matter becomes anisotropic.
Therefore, based on these twofold difficulties, the expression of q should be
modeled. The following conditions are general physical requirements for physically
meaningful anisotropic fluid spheres41, 82
(1) the energy ǫ and p should be positive inside the star;
(2) the gradients dǫdr ,
dp
dr , and
dq
dr should be negative;
(3) inside the static configuration the speed of sound should be less than the speed
of light, i.e., 0 ≤ dpdǫ ≤ 1 and 0 ≤ dqdǫ ≤ 1;
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(4) energy momentum tensor has to be obey the conditions ǫ ≥ p+2q and ǫ+ p+
2q ≥ 0;
(5) the interior metric should be joined continuously with exterior Schwarzchild
metric;
(6) the p must vanish but q may not vanish at boundary r=R of the sphere, but
both should be equal at the center of the matter configuration.
Therefore, in the modeling of q must not deviate from these general requirements.
In this work, we do not propose a new model but only select two models of q which
are quite often studied in communities.1, 2, 45, 46, 83–85 The first model is obtained
by heuristic procedure which allows one to obtain solutions for anisotropic matter
from known solutions for isotropic matter.1, 46 See more detail about the procedure
used to get this model (HB) of q in Ref. 46. In HB model, q depends on p and dpdr .
The second model (DY) is taken from Refs. 2,45 where q is quasi-local EOS. In DY
model, q depends directly on p and local compactness 2GMr as a quasi-local variable.
See more detail about how to construct quasi-local EOS, q and its thermodynamics
in Refs. 45,84-85. The explicit q form of both models, respectively are
q = p[1− Λ(2MG
r
)], (29)
q = p+
r
2
(1− h)
h
(
dp
dr
), (30)
where Λ and h are anisotropic parameters. For isotropic stars, parameters Λ and h
should be equal to 0 and 1, respectively. Thus, the deviation from its reference value
of Λ=0 or h=1 shows the degree of an anisotropy. We need also to note that Refs.
1-2 used polytopes EOS to describe the matter. They also investigate the effects of
the variation of both parameters in the range of −2 ≤ Λ ≤ 22 and 0.5 ≤ h ≤ 1.5
1 using this EOS. The authors of Ref. 1 found that we can have more massive star
if we use Λ < 0 while the authors of Ref.1 found that more massive star can be
obtained if we use positive h and h < 1. In addition, in the case of DY model,
for large magnitude of Λ and large masses, NS solution exists for which the energy
density ǫ is not a monotonic function of the radial coordinate but is maximum.
While these solutions are dynamically stable,2, 45 Ref. 1 shows for the HB model
that the stability of this model increases with the decrease of h.
Here gravitation mass is defined asMG=M(R) and A(R) is multiplied by atomic
unit. 931.50 MeV defines the baryonic mass MB where R is the star radius. Note,
general relativity predicts a redshift for photons leaving the surface of the star
with strong gravitational field. The gravitational redshift of a non-rotating NS is
indicated by
Z = (1− 2GM
r
)
−1/2
− 1. (31)
By solving Eq. (25), numerically, we can study the effects of anisotropic pressure
on the NS gravitational mass-radius relation, NS minimum mass and Z through
Eq. (31).
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4. Results and Discussion
In this section, we discuss the effects of anisotropic pressure on some NS properties
using one of the parameters in the ERMF model. We adopt the BSP parameter set
because this parameter set provides good descriptions of the global properties of
finite nuclei, and its prediction of nuclear matter properties is quite compatible to
the prediction from the heavy ion data. For meson-hyperon couplings, we use con-
ventional SU(6) symmetry and the experimental values of nuclear matter potential
depths hyperons in the nuclear matter at ρ0.
24
In the upper panel of Fig. 1, we present the NS gravitational mass-radius rela-
tion for the case of isotropic pressure (I-P) with and without hyperons (no hyperon)
as well as the cases of anisotropic pressure (AI-P) using DY and HB models, respec-
tively. The mass of PSR J0348+0432 is taken from Ref. 5 while PSR J1614-2230
is from Ref. 4. The dot and circle markers indicate respectively NS Mmax and
canonical radius (radius where MG=1.4 M⊙). It can be observed that if we assume
the NS matter pressure is isotropic (I-P case), the maximum mass decreases from
MG=2.02 M⊙ to MG=1.74 M⊙ if hyperons are allowed to appear in the NS core.
The value MG=1.74 M⊙ is obviously outside the mass range of PSR J0348+0432
and PSR J1614-2230. However, if we allow that the pressure of NS matter to be
anisotropic (AI-P case) we can obtain maximum mass greater than the masses of
PSR J0348+0432 and PSR J1614-2230 for Λ ≤ −1.15 (MG=2.08M⊙) for DY2 and
h ≤ 0.8 (MG=2.09 M⊙) for the HB1 models used. These results can be achieved
without adjusting the hyperons coupling constant, introducing hypothetical parti-
cle like WILB or modifying the nonlinear terms in the strange meson sector.29–33
Furthermore, by assuming that NS matter may have anisotropic pressure, the NS
maximum mass limit higher than 2.1M⊙ cannot rule out the presence of exotica in
the form of hyperons, boson condensations or quark matter inside the NS core. For
I-P case, the canonical radius with hyperons is R1.4=12.57 km, and R1.4=12.61 km
without hyperons. These values are almost the same as there are only very small
amount of hyperons already present in isotropic NS with MG = 1.4M⊙. For AI-P
case, the R1.4 is relatively higher than that in the I-P cases. DY model predicts
R1.4=13.00 km for Λ = −1.15 while HB model predicts R1.4=13.69 km for h = 0.8.
If we compare our result with the radius constraint from X-ray bursts, it can be seen
that the radii predicted by all models considered here are greater than the radius
constraint as obtained by Steiner et. al17 but smaller than that of Sulaimanov et.
al.19 If we compare our result with the radius constraint from quiescent low mass
X-ray binaries, the radii result predicted by all models are greater than the radii
constraint as in Guillot et. al13 but are barely compatible to the result obtained
by Lattimer and Steiner.14 However, these results are compatible with the lower
limit of radius of pulsar J0437-4715 i.e., R > 11.1 km within 3σ error.12 Therefore,
more accurate radius measurement from other possible sources is needed to test the
reliability of the anisotropic models.
In the lower panel in Fig. 1, we present gravitational mass versus baryonic mass
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Fig. 1. Upper panel: The plots for NS gravitational mass-radius relation for the case of isotropic
pressure (I-P) with and without hyperons as well as the cases of anisotropic pressure (AI-P). The
mass of PSR J0348+0432 is taken from Ref.5 while the mass of PSR J1614-2230 is from Ref.4
Lower panel: The plots for the corresponding gravitational mass versus baryonic mass for small
NS. The shaded boxes are simulation results by Kitaura et. al87 and Podsidlowski et. al .86 DY
indicates the result obtained by using σ of Ref.,2 and HB is obtained by using σ of Ref.1 The dot
and circle markers indicate NS Mmax and canonical radius (MB=1.4 M⊙) respectively. Note that
for all NS with hyperons inside its core, the hyperon-meson coupling strength is determined by
using SU(6) symmetry.
for NS withMG < 1.27M⊙. It is obvious in this region that hyperons yield negligible
effect while the effect of anisotropic pressure is apparently insignificant. We note,
the double pulsar J0737-3039 and its interpretation poses a constraint for this low
mass region.86 The gravitational mass of pulsar B is measured very precisely while
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Fig. 2. The gravitational redshift Z of NS as a function of NS gravitational mass for the cases
of isotropic pressure (I-P) with and without hyperons as well as the cases of anisotropic pressure
(AI-P). The horizontal line is Z for low mass X-ray binary EXO0748-676 NS (Ref.88). The dot
marker indicates Z atMmax. Note that for all NS with hyperons inside its core, the hyperon-meson
coupling strength is determined by using SU(6) symmetry.
the baryonic mass depends on the mode of its creation, which can be modeled. The
shaded boxes are simulation results in the form of gravitational mass as a function
of baryonic mass obtained by Kitaura et. al87 and Podsidlowski et. al.86 It can be
observed that our results by using BSP parameter set are barely compatible to the
result of simulation by Kitaura et. al.. We also note that our result is also relatively
close to the calculation result by using the quark-meson coupling model as obtained
by Whittbury et. al.40
In Fig. 2, we present the redshift Z as the function of NS gravitational mass for
I-P and AI-P cases by using the HB and DY models for the EOS of NS core with
and without hyperons. The result is also compared to the observational constraint
from EXO0748-676.88 This constraint implies that the acceptable EOS should have
maximum Z above 0.33.23 It can be seen that for all cases, the results are consistent
with Z =0.35 for the mass greater than 1.7 M⊙. These results are quite consistent
with the expected higher masses of accerting stars in X-ray binaries. It can also
be observed that the value of Z at Mmax in AI-P cases is higher than that in I-P
cases with hyperons. However, this result is quite similar to the one in I-P cases
without hyperons. This is due to the stiffening of EOS for the AI-P case. The fact
that the radius of NS at Mmax predicted by HB with h = 0.8 (R[Mmax]=11.70 km)
is slightly greater than that predicted by DY with Λ = −1.15 (R[Mmax]=11.12 km)
is the reason why the Z at Mmax predicted by DY model is higher than the Z in
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Fig. 3. The ratio of the radial pressure p to its value at the center pc as a function of radial
coordinate r for an NS with pc = 40 MeV fm−3 (lower panel) and for an NS with pc = 230 MeV
fm−3 (upper panel) in the case of isotropic pressure (I-P) with and without hyperons as well as
in the case of anisotropic pressure (AI-P). Note that for all NS with hyperons inside its core, the
hyperon-meson coupling strength is determined by using SU(6) symmetry.
the HB model.
To investigate further, in Figs. 3 and 4 we plot the ratio of the radial pressure
p to its value at the center pc and the ratio of the energy density ǫ to its value at
the center ǫc as a function of radial coordinate r. The results plotted in the lower
and upper panels correspond to the central pressure pc = 40 and 230 MeV fm
−3,
respectively. For pc = 40 MeV fm
−3, BSP AI-P [DY] has MG = 1.47 M⊙, BSP
AI-P [HB] has MG = 1.55 M⊙, BSP I-P with and without hyperons yield identical
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Fig. 4. Similar to Fig. 3 but for the ratio of energy density to the value in center as a function of
radial coordinate r for an NS with pc = 40 MeV fm−3 (lower panel) and for an NS with pc = 230
MeV fm−3 (upper panel).
mass i.e., MG = 1.19 M⊙, because for these cases hyperons have not yet appeared
in NS and the effects on the pressure profile are only due to the anisotropy. For pc
= 230 MeV fm−3, BSP AI-P [DY] yields MG = 2.1 M⊙, BSP AI-P [HB] yields MG
= 2.1 M⊙, and BSP I-P yields MG = 1.7 M⊙ but BSP I-P (no-Hyperons) has MG
= 1.9 M⊙. In this case, we can observe the effects of the interplay of hyperons and
anisotropy roles.
The absence of hyperons slowly decreases p and ǫ with increase in the distance
from the center of a NS. The role of anisotropic pressure is the same as that of the
case with no hyperons, i.e., p and ǫ decreases slowly with increase in the distance
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from the center of a NS. But at low pc or ǫc values, the anisotropic pressure still
yields pronounced impact. However, effect of AI-P in slowing down the rate of
decreasing p and ǫ due to application of different anisotropy models appears more
significant at relatively high radial pc or ǫc values. The latter can be understood by
observing the plots of anisotropic pressure σ of NS with hyperons from the HB and
DY models as a function of radial coordinate r and mass distribution M which are
shown in Figs. 5 and 6. It can be observed that unlike the HB model with almost
constant absolute value of maximum anisotropic pressure σ, the prediction using
the DY model is rather sensitive to the value of pc. DY model predicts greater σ
for higher pc. For pc = 40 MeV fm
−3, the DY model predicts absolute value of
maximum σ ∼ 0.1 MeV fm−3 at M ∼ 0.4 M⊙ and r ∼ 7 km while the HB model
predicts the same absolute value of maximum σ at M ∼ 0.8 M⊙ and r ∼ 10 km.
For pc = 230 MeV fm
−3 on the other hand, the DY model predicts absolute value
of maximum σ ∼ 0.2 MeV fm−3 atM ∼ 0.6M⊙ and r ∼ 6 km while the BD model
predicts the absolute value of maximum σ ∼ 0.1 MeV fm−3 at M ∼ 0.7 M⊙ and
r ∼ 6 km. To this end, it is clear that if we use the EOS of NS core without hyperons
as a reference, the presence of hyperons in NS core suppresses the EOS stiffness
by decreasing p or ǫ but by allowing the NS pressure anisotropic, the stiffness of
the EOS is pulled back to relatively higher p or ǫ so that the Mmax ≥ 2.1 M⊙
can be reached. However, some details such as the radius prediction still depend
significantly on the model used to describe the anisotropic pressure. Therefore,
beside the existence of more accurate NS observable data like mass, radius etc, it
seems that systematic reassessment of the consistency of the anisotropic pressure
models offer in the literature with all possible physical requirements for anisotropic
star including the star stability using “realistic matter EOS” are important to select
the most physically acceptable model. However, this is already outside the scope of
this work. We leave it as our next project.
5. Conclusion
We have studied the effect of anisotropic pressure on the gravitational mass, bary-
onic mass, radius and the redshift of static NS with the presence of hyperons in NS
core. The BSP parameter set of the ERMF model21 and standard SU(6) symme-
try as well as the experimental value of nuclear matter potential depths are used
to determine the hyperon-meson coupling constants.24 To describe the anisotropic
pressure we adopt two known models in the literature, namely DY2 and HB1 mod-
els. The effect of anisotropic pressure on NS matter is mainly to increased stiffness
of the NS EOS. This effect can compensate the softening of the NS EOS due to the
presence of hyperons. Without further adjusting the hyperons coupling constant,
introducing hypothetical particle like WILB or modifying the nonlinear terms in
strange meson sector,29–33 we can easily obtain larger MG than the masses of PSR
J0348+0432 and PSR J1614-2230 if Λ ≤ −1.15 for DY2 and h ≤ 0.8 for HB1
models are used. In anisotropic NS, the maximum mass limit higher than 2.1 M⊙
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Fig. 5. Similar to Fig. 3 but for the anisotropic pressure σ of NS with hyperons inside its core as
a function of radial coordinate r for an NS with pc = 40 MeV fm−3 (lower panel) and for an NS
with pc = 230 MeV fm−3 (upper panel).
cannot rule out the presence of exotica in the form of hyperons, boson condensa-
tions or quark matter inside the NS core. We have found relatively large canonical
radius. DY model predicts R1.4=13.00 km for Λ = −1.15 and HB model predicts
R1.4=13.69 km for h = 0.8. We also found that the relation between gravitation
mass and baryon NS mass remain practically unaffected for MG < 1.27 M⊙ due
to the anisotropic pressure. Furthermore, the anisotropic pressure can increase the
value of Z at maximum mass. We also show that the minimum mass, radius and
the redshift predictions of anisotropic NS are quite compatible with the recent
observational constraints.
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